The Chain Rule for Composite Functions

If y= f(g(x)), then the chain rule must be used to find its derivatives.

d
If f and g are differentiable functions, then E[ fg(®)]= f(g(x)-g'(x)

That is, the derivative of a composition of functions is the product of the derivative of the
“outside function”, f, and the derivative of the “inside function”, g.

The chain rule can be simplified using a substitution for the “inside function”.

Let u = g(x), then f(g(x))= f(u) and d _ a4 _ df du
e [f(g(x))] I [f )] i dx

Note that when uis substituted for the inside function f becomes a function of u# so the

derivative of f is Zl and since g(x)=u (u is a functionof x), g'=u'= % .
u

Example 1

Find the derivative of y = (x2 + 1)5 .

. 5, . . .
Since y = (x2 + 1) 1s a composite function we must use the Chain Rule.

Let g(x)=x"+1 be the inside function and then f(x)= x’ would be the outside function

Let u=x"+1 for the inside function then f(x)= (x’+x)’ becomes f(u)=u’. Now use the

chain rule i[ fw)]= 4f 4| find the derivative of y=(x*+x).
du du dx

dr. o> s dr s7.d

E[(x +x)} = E[M ]E[u]
=5u-2x+1)
=5(x" +x)'(2x +1)

X

Example 2: Find y' for y=e* ™.

L] ale]

) A 0]

=e"(2x+1)

=" (2x+1)

Let u=x” + x, then



Example 3: Find f' for f(x)= 5" without substitution.

The inside function for f(x)= 5*"is x> +x. Recall that %[5’“] =(In5)-5°. To find f’

without substitution, think “the derivative of the exponential function base 5” times “the
derivative of the exponent of the base 5, x* + x . That is,

%[qux}:%[yux]%[xz+x}

=(n5)5 " (2x+1)
=(2x+1)In5)5"

Example 4: Exercise 12, Page 126. Find g’ for g(x)=3%*".

%[32x+7]:%[32“7]_%[2)“_7]

=(n3)-3**7 +(2)
=2+(In3)-3*"

!
Example 5: Exercise 23, Page 126. Find Z—y for y=+/s’ +1. Note that \/s’ +1 = (s3 +1)A.
s

=]
[ } s+1]
(s +) )

( ) -(3s%)
B 3s’

N
Example 6: Exercise 46, Page 126. Find f' for f(x)=(ax’+b)’.
' _ d 2 3 d 2
f(x)—E[(ax +b) ]-E[(ax +b)]

= 3(ax’ +b)* - (2ax)

= 6ax(ax’ +b)



